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Abstract A new concept of computational quasi-stability (CQS) is introduced to study the com-
putational stability (CS) of the forced dissipative nonlinear (FDN) evolution equations. Based
on the concept, the CQS criterion of difference scheme of FDN atmospheric equations is ob-
tained. So it provides the theoretical basis for designing the computational stable difference
scheme of FDN atmospheric equations.
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THE computational stable numerical scheme must be designed if we solve numerically the dynamic equa-
tions of the nonlinear atmosphere or ocean. Zeng and Ji et al 175 have carried out lots of work for the
adiabatic or non-dissipative nonlinear evolution equations. For the forced dissipative nonlinear ( FDN)
equations, however, its computational stability (CS) analysis has not yet been dealt with so far because
of its inherent difficulties. In practice, it is very important to study the CS of FDN evolution equations.
This note presents a new concept, i.e. the computational quasi-stability (CQS), and based on it, the CS
of FDN evolution equations is investigated .
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NOTES

1 Basic description and the concept of CQS

The complete FDN atmospheric equations can be transformed into an equivalent operator equation in
Hilbert space as follows® ;

%?+N(¢)¢+L(go)cp= £, (1)
§0|:=0 = o> (2)
where N( @) is an anti-adjoint operator, L(¢) a self-adjoint operator, i.e.
N(p) == N"(¢), (N(e)p, ¢) =0, (3)
L(p) = L™ (¢), (L(p)e, ¢) = 0. (4)

The equal in (4) is true if and only if | @ | =0.

Here we use difference methods to solve the approximate solution of (1) and (2). Let r be the time
stepsize, h the space stepsize, setting the mesh (mh, nz), and let ¢" be the value of @ at the time ¢,.
We define the inner product of the mesh function as

(@, é) = ZgomémAm’ (5)

where @, ¢ are two arbitrary abstract functions ( They are usually vector functions), @n, @n, A, are

the values of ¢, ¢ and the unit volume at mth mesh point respectively. The norm of the function ¢ is de-
fined as

el = (@, )2 (6)

Hereafter let N(¢@” ) and L(¢p ") be the general discrete forms of N(¢) and L( @) respectively.
The antisymmetric operator in Hilbert space corresponds to the antisymmetric matrix in R"*, and the sym-
metric positive operator the symmetric positive matrix, so N(¢ " ) is an anti-symmetric matrix and L
(¢ ) a symmetric positive matrix.

For eq. (1), it is quite difficult to discuss the CS for its difference scheme. It is usually studied
only when & =01""*)_ In the case of £0, there is not any result at present. Hence, it is necessary to
soften the terms and introduce the concept of CQS as follows.

Definition 1. When the time stepsize r is sufficiently small, if the numerical solution computed
by the difference method satisfies

lo™'ll < Il @"ll + zc, )]
where ¢ is a constant depending on | £ || , then the difference scheme is called the computational quasi-
stability (CQS).

It is obvious that the CQS is a necessary condition of CS. The difference scheme must be computa-
tionally instable if it does not satisfy the condition of CQS. The CQS is just the CS for §=0 or z—0.

2 Main results

The general difference scheme of eq. (1) is given as follows:

nel

Q_.T_Q’i + Nl " )ag"'' + (1 - a)¢") + L(gp " )ap"*' + (1 = a)¢"] = £, 0 a < 1.
(8)

Theorem 1. The difference scheme (5) of eq. (1) is computationally quasi-stable for0ga<1/
2.

Proof. Making inner product with ag"*' + (1 - a) ¢" for both sides of (8), using the properties
of N(¢") and L(¢p" ), we have

( avl _ on

" , a§0n+l + (1 _ a)gon)S (E’ aq)rud + (1 _ a)¢n),

all ' 1<l -a)ll "2+ (2a - 1)(g", ¢"*') + r(&, ap"*' + (1 - a)g")

2aclygryz, 28ty gy

<s(l-a)llerll?+
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+arll &l he'll +(M-a)cll&ll o,
So

o' 12 =2arll @il 6l < " l*+2(1-adzllo* I&1.
Therefore for 1/2< a <1 one gets

@' 12 - 2az l ' Il N &1l + a®22 0 €1l2
sle 2420 -a)cllo*ll 61l + a2 €17
sle"l?+2arll oIl |l &1l + o220 €112,

namely,
o'l el +2arll el
s Mgl + zc,
where c =2 | €1 . So (8) is computationally quasi-stable for 1/2< a < 1. The proof is completed.
Especially, for £=0, ¢ =0. In this case, one has
he™' Il < Il ™,
as a result scheme (8) is computationally stable .
For the nonlinear equations, the CS criterion of their linearized equations has also reference values.
Thus we make an additional analysis for the linearized equation of (1) . The linearized equation of (1) is

%—? + N(plo+ L(g)o = &, (9)

Its difference scheme corresponds to the form
n+l

L= L (N(p) + L(E)(ag™" + (1 - a)g") = & (10)

Theorem 2. The difference scheme (10) of Eq. (9) is computationally stable for 1/2<a<1.
Proof. Let ¢,, @, be two arbitrary solutions, and
e =@l -¢h,i=1,2,,n,
and thus
€n+l

_T-_e + (NCp) + L(@))(ac™' + (1 - a)e™) = 0.
For 172 a <1, it follows that
e < €0,
and therefore the scheme is computationally stable. The proof is completed .
According to the above results, when 1/2< a <1, scheme (8) is computationally stable for the lin-
earized equation (with the external focing) or the adiabatic case (with the nonlinear terms) and is compu-
tationally quasi-stable for the FDN equation. Therefore , the nonlinear interaction and the effect of the

external focing are the main factors which cause the error propagation for CQS scheme while disregarding
round-off error.

3 Conclusion

Because of the complexity of CS of FDN evolution equations, this note presents a new concept,
CQS, to study it, and gives the CQS criterion of the difference scheme of the FDN atmospheric equa-
tions. The criterion is also the CS criterion of the linearized equations or the adiabatic case, and the CQS
is a necessary condition of the CS, so the computationally stable scheme must be in the criterion. The re-
sults furnish the necessary theoretical basis for designing the computationally stable difference scheme of
the FDN atmospheric equations.
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